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Abstract. The present paper is devoted to the boundedness of fractional in- 
tegral operators in Morrey spaces defined on quasimetric measure spaces. In 
particular, Sobolev, trace and weighted inequalities with power weights for po- 
tential operators are established. In the case when measure satisfies the doubling 
condition the derived conditions are simultaneously necessary and sufficient for 
appropriate inequalities. 
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1. Introduction 

The main purpose of this paper is to establish the boundedness of fractional inte- 
gral operators in (weighted) Morrey spaces defined on quasimetric measure spaces. 
We derive Sobolev, trace and two-weight inequalities for fractional integrals. In 
particular, we generalize: a) D. Adams [1] trace inequality; b) the theorem by 
E. M. Stein and G. Weiss [22] regarding the two- weight inequality for the Riesz 
potentials; c) Sobolev-type inequality. We emphasize that in the most cases the 
derived conditions are necessary and sufficient for appropriate inequalities. 

In the paper [§] (see also [TO] . Ch. 2) integral-type sufficient condition guar- 
anteeing the two-weight weak-type inequality for integral operator with positive 
kernel defined on nonhomogeneous spaces was established. In the same paper (see 
also pi)], Ch. 2) the authors solved the two- weight problem for kernel operators 
on spaces of homogeneous type. 
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In [13] (see also [3], Ch.6) a complete description of non-doubling measure p 
guaranteeing the boundedness of fractional integral operator I a (see the next sec- 
tion for the definition) from L p (p, X) to L Q (p,X), 1 < p < q < oo, was given. 
We notice that this result for potentials was derived in [12] for potentials on Eu- 
clidean spaces. In [13] , theorems of Sobolev and Adams type for fractional integrals 
defined on quasimetric measure spaces were established. For the boundedness of 
fractional integrals on metric measure spaces we refer also to [7] . Some two- weight 
norm inequalities for fractional operators on R n with non-doubling measure were 
studied in [8]. Further, in the paper [13] necessary and sufficient conditions on 
measure p governing the inequality of Stein- Weiss type on nonhomogeneous spaces 
were established. 

The boundedness of the Riesz potential in Morrey spaces defined on Euclidean 
spaces was studied in [TH] and [2J. The same problem for fractional integrals on 
W 1 with non-doubling measure was investigated in [2D] . 

Finally we mention that necessary and sufficient conditions for the boundedness 
of maximal operators and Riesz potentials in the local Morrey-type spaces were 
derived in [3], [3]. 

The main results of this paper were presented in [6j. 

It should be emphasized that the results of this work are new even for Euclidean 
spaces. 

Constants (often different constants in the same series of inequalities) will gen- 
erally be denoted by c or C. 

2. Preliminaries 

Throughout the paper we assume that X := (X, p, p) is a topological space, 
endowed with a complete measure p such that the space of compactly supported 
continuous functions is dense in L 1 (X, p) and there exists a function (quasimetric) 
p : X x X — > [0, oo) satisfying the conditions: 

(1) p(x, y) > for all x ^ y, and p(x, x) = for all i6l; 

(2) there exists a constant ao > 1, such that p(x,y) < aop(y,x) for all x, y G X; 

(3) there exists a constant ai > 1, such that p(x,y) < ai(p(x,z) + p(z,y)) for all 
x, y, z G X. 

We assume that the balls B(a,r) := {x G X : p(x,a) < r} are measurable, for 
a G X, r > 0, and < p(B(a, r)) < oo. For every neighborhood V of x G X, there 
exists r > 0, such that B(x,r) C V. We also assume that p(X) = oo, p{a} = 0, 
and B(a, r 2 ) \ B(a, r\) ^ 0, for all a G X, < T\ < r 2 < oo. 
The triple (X, p, p) will be called quasimetric measure space. 

Let < a < 1. We consider the fractional integral operators I a , and K a given 

by 

Lf(x):= / f(y)p(x,y) a ~ 1 dp(y), 
J x 

K a f(x):= \ f(y)(pB(x,p(x,y))f' 1 dp(y), 
Jx 

for suitable / on X. 
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Suppose that v is another measure on X, A > and 1 < p < oo. We deal with 
the Morrey space L P,A (X, v, p), which is the set of all functions / G Lf oc (X, v) such 
that ^ 

ll/llip,A(x,M := ^ {j^BY f B^'^ ° dU ^ <0C, 
where the supremum is taken over all balls B. 

If v = p, then we have the classical Morrey space L p ' x (X,p) with measure p. 
When v = p and A = 0, then L P,X (X, z/, p) = L P (X, p) is the Lebesgue space with 
measure p. 

Further, suppose that f3 G R. We are also interested in weighted Morrey space 
Mg ,x (X,fi) which is the set of all ^-measurable functions / such that 

Wfhi^txu) '■= SU P (hi f \f(y)\ P p(a,yf d{i(y)) < oo. 

P y m aeX;r>0 \ r J B{a,r) J 

H/3 = Q, then we denote M|' A (X,/i) := MP' A (X,/i). 

We say that a measure \i satisfies the growth condition (/i G (GC)), if there exists 
C > such that fi(B(a, r)) < C r; further, /x satisfies the doubling condition (/i G 
(DC)) if fi(B(a, 2r)) < Ci n(B(a, r)) for some Ci > l.If/iG (DC), then (X,p,/i) is 
called a space of homogeneous type (SHT). A quasimetric measure space (X, p, /i), 
where the doubling condition might be failed, is also called a non-homogeneous 
space. 

The measure p on X satisfies the reverse doubling condition (p G (RDC)) if 
there are constants rji and 1]2 with r/i > 1 and 1]2 > 1 such that 

jiB{x,rjir) > r]2fiB(x,r). (1) 

It is known (see e.g. [23], P- H) that if /i G (-DC), then p G (RDC). 

The next statements is from [13] (see also [5j Theorem 6.1.1, Corollary 6.1.1] 
and [12J in the case of Euclidean spaces). 

Theorem A. Let (X, p, p) be a quasimetric measure space. Suppose that 1 < 
p < q < oo and < a < 1. Then I a is bounded from L P (X) to L q (X) if and only 
if there exists a positive constant C such that 

p(B(a,r))<Cr s , s = Pq{ ] - a) , (2) 

pq + p — q 

for all a G X and r > 0. 

Corollary B. Let Let (X,p,p) be a quasimetric measure space, 1 < p < 1/a 
and 1/q — 1/p — a. Then I a is bounded from L P (X) to L g (X) if and only if p G 
(GC). 

The latter statement by different proof was also derived in [7] for metric spaces. 
We to prove some of our statements we need the following Hardy-type transform: 

H a f(x) := / f(y)dp(y), 

•J p{a.,y)<p{a,x) 
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where a is a fixed point of X and / G L\ oc (X, /x). 

Theorem C. Suppose that (X, p, /x) fre a quasi-metric measure space, 1 < p < 
q < oo and V and W are non-negative functions defined on X x X . Let v be 
another measures on X. If there exists a positive constant C such that for every 
a G X and t > 0, 

[ V(a, y) du(y)) ' Y / W(a, y) 1 ^' d^(y)) '* < C < oo, 

then there exists a positive constant c such that for all f > and a G X the 
inequality 

[ (HJ(x))*V(a, x) dv(x)) lQ < c ( [ (f(x)yW(a, x) dp(x)) " 

JB(a,r) J \JB(a,r) J 

holds. 

This statement was proved in [SI Section 1.1] for Lebesgue spaces. 

Proof of Theorem C. Let / > 0. We define S(s) := f p r ay \ <s f(y) d/i(y), for 
s G [0,r]. Suppose S(r) < oo, then 2 m < S(r) < 2 m+1 , for some m G Z. Let 

Sj := sup{t : S(t) < 2 J }, j <m, and s m +i := r. 

Then it is easy to see that (see also [SI pp. 5-8] for details) (sj)™^^ is a non- 
decreasing sequence, S(sj) < 2 J , S(t) > 2 J for t > Sj, and 



2 J < / f(y)d»(y). 

J Sj<p(a,y)<Sj + i 



If (3 := lim s,-, then 



p(a, x) < r p(a, x) G [0, f3\ U [J (s^-, Sj + i]. 

i=-oo 

If S(r) — oo, then we may put m = oo. Since 



0< / /(|/)(i/x(2/)<^(^)<2 J , 

lp(a,y)</3 



for every j, therefore J p r ay \ </3 f(y) d/u,(y) = 0. From these observations, we have 
/ (# a /(:c))«V(a, a:) < ^ / (#J(x))^(a,x)^) 

J p(a,x)<r j = _ 00 J Sj<p(a,x)<s j+1 

< jr f V(a,x)( [ (f(y))dfi(y)) du(x). 



j=-oo > / Sj<P(a,a;)<Sj+i \^p(a,2/)<s 3 - + i 

Notice that 
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/ fdfjt < s( Sj+2 ) < v +2 <c f fdfx. 

•> p{a,y)<Sj+i J Sj-i<p(a,y)<Sj 

Using Holder's inequality, we find that 

(HJ(x)yV(a,x)dfi(x) 

p(a,x)<r 

1 



< E / v ^ x ) [ [ (f(v))Mv)) d < x ) 

j=-oo J s i<P( a ' x )< s i+i \J p(a,y)<Sj+i J 

<C jr f V(a,x)( [ (/(y))d/*(v)l d »( x ) 



j=-oo 



j=-oo 



<C jr f V(a,x)du(x)( [ (f(y)yW(a,y)d f i(y)) 



x ( f Wfay) 1 -* dvi{y)\ 

\J Sj-i<p(a,y)<Sj J 

<C jr [ V(a,y)dv(y)( [ W(a } y) 1 ^' d^y)) 

j = -oo-J Sj<p{a,y) \J p{a,y)<Sj J 

x ( f (f(y)fW(a,y)dii(y)\ 

\y Sj-i<p(a,y)<Sj J 

m / \l/P 

<C E / (f(y)) P W(a, y )dn(y)\ 



< 



j=-oo \Jsj-i<P(a,y)<Sj J 

c(f (f(y)yW(a,y)d f i( y )) 9/P . 

\J p(a,y)<r J 

This completes the proof of the theorem. □ 

For our purposes we also need the following lemma (see [16] for the case of R n ). 

Lemma D. Suppose that (X,p,fi) be an SHT. Let 0<X<l<p< oo. Then 
there exists a positive constant C such that for all balls B$, 

Proof. Let Bq := B(xo,ro) and B := B(a,r). We have 



\XBo\\lp^(X,p) - SU P 



[fM(B nBy 



b \ p(B) x 
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Suppose that B n B ^ 0. Let us assume that r < r . Then (see (23], Lemma 
1, or [10J, p. 9) B C B(xq, br ), where b = a%(l + a ). By the doubling condition it 
follows that 

^ <- ^ - ^y- x <- ^^y- x 

<Cfx(B y-\ 

Let now r < r. Then pB < cpB, where the constant c depends only on a\ 
and a . Then 

□ 

The next lemma may be well-known but we prove it for the completeness. 

Lemma E. Let (X, p, fi) be a non-homogeneous space with the growth condition. 
Suppose that a > — 1. Then there exists a positive constant c such that for all 
a G X and r > 0, the inequality 



I{a,r,a) :— I p{a, x) a dp < cr u+1 

JB(a,r) 



>B(a,r) 

holds. 

Proof. Let o > 0. Then the result is obvious because of the growth condition 
for p. Further, assume that — 1 < o < 0. We have 

POO 

I(a,r,a) = / p{x G B(a,r) : p(a,x) a > \}d\ 
Jo 

/■r CT poo 

p(B(a,r)f]B(a,X 1/a ))dX= / + / := J (1) (a, r, a) + J (2) (a, r, a). 

JO Jr a 

By the growth condition for p we have 

I {1 \a,r,a) < r a p(B(a,r)) < cr a+1 , 
while for J^(a, r, a) we find that 

POO 

J (2) (a, r, <x) < c / \ l/u d\ = cr a+1 

Jr a 

because 1/er < — 1. □ 

The Following statement is the trace inequality for the operator K a (see [T] for 
the case of Euclidean spaces and, e.g., \±0\ or [5], Th. 6.2.1, for an SHT). 

Theorem F. Let (X, p, p) be an SHT. Suppose that 1 < p < q < oo and 
< a < 1/p. Assume that v is another measure on X. Then K a is bounded from 
L P (X, p) to L g (X, v) if and only if 

vB < c(pB) q{1/p - a) 

for all balls B in X . 
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3. Main results 

In this section we formulate the main results of the paper. We begin with the 
case of an SHT. 

Theorem 3.1. Let (X,p,p) be an SHT and let 1 < p < q < oo. Suppose that 
< a < 1/p, < Ai < 1 — ap and X 2 /q = X\/p. Then K a is bounded from 
[x, p) to L q,x ' 2 (X, v, p) if and only if there is a positive constant c such that 



for all balls B. 

The next statement is a consequence of Theorem 3.1. 

Theorem 3.2. Let (X,p,p) be an SHT and let 1 < p < q < 00. Suppose that 
< a < 1/p, < Ai < 1 — ap and \ 2 /q = Ai/p. Then for the boundedness of K a 
from L p ' Xl (X, p) to L q ' X2 (X, p) it is necessary and sufficient that q — p/(l — ap). 

For non-homogeneous spaces we have the following statements: 

Theorem 3.3. Let (X,p,p) be a non-homogeneous space with the growth con- 
dition. Suppose that 1 < p < q < 00, 1/p — 1/q < a < 1 and a 7^ 1/p. Suppose 
also that pa — 1 < j3 < p — 1, Q < \\ < j3 — ap + 1 and \±q = \ 2 p. Then I a is 
bounded from M^' Xl (X,p) to M qM (X,p), where 7 = q{l/p + j3/p - a) - 1. 

Theorem 3.4. Suppose that (X,p,p) is a quasimetric measure space and p 
satisfies condition (2). Let 1 < p < q < 00. Assume that 0<a<l, 0<Ai< 
p/q and sXi/p = \i/q- Then the operator I a is bounded from M p ' XlS (X , p) to 



In this section we give the proofs of the main results. 

Proof of Theorem 3.1. Necessity. Suppose K a is bounded from L p ' Xl (p) to 
L q ' X2 (X, is, p). Fix B := B(x ,r ). For x, y G B , we have that 

B{x,p(x,y)) C B(x,a 1 (a + l)r ) C B(x ,ai(l + ai(a + l))r ). 

Hence using the doubling condition for p, it is easy to see that 

p(B ) a < cK a XB Q (x), x E B . 

Consequently, using the condition \ 2 /q = Xi/p, the boundedness of K a from 
L p > x (X,p) to L qM (X, v,p) and Lemma D we find that 



v 



(B) < cp{B) qil/p - a) , 



(3) 



Mi> X2 {X,p). 



4. Proof of the Main Results 



p(B ) 



i/ p v(B o y/ q < c\\K aX B t 



'.o\\L<i' x 2(X,v,n) 
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Sufficiency. Let B := B(a,r), B := B(a,2 ai r) and / > 0. Write / G L p > Xi (p) 
as / = /i + / 2 := /x_b + fXB°i wnere is a characteristic function of B. Then 
we have 

S := J^K a f(x)ydu(x) < c^(K a f 1 (x))"du(x)+ J^K a f 2 (x)ydu(x)^ := c(^+5 2 ). 
Applying Theorem F and the fact p G (DC) we find that 

Si< I (K a f 1 Y(x)du(x)<c( [ 

JX \JB(a,2 ai r) 

Now observe that if p(a,x) < r and p(a,y) > 2a±r, then p(a,y) > 2aip(a,x). 
Consequently, using the facts p G (RDC) (see (1)), < Ai < 1 — ap and condition 
(3) we have 



(f(x)Ydp(x) 



q/p 



So < c 



u(B) 



B(a,r) \Jp(a,y)>r 



k=0 JB{a, V k +\)\B{a,r 1 lr) 



a „u r) pB(a,p(a,yW-" My \ 



< cu(B) 



E 



— wbmJ+m 



(/(i/)) p ^(y) 



X 



< c 



S(a,r, 1 fc + 1 r)\S(a,r,fr) / 



L^l(X, M ) 



(W ^^(a,^ +1 r)) Al / p+a - 1+1 / p ' J 



< 41/11 



< C ll/H^ 1( x„) 



z/(fi)/i(fi) (Al/p+a " 1/p)9 

/i(B) 9A1 / p 



E 

fc=0 



fe(Ai/p+a-l/p) 
72 



= C 



\LvM {X , IJ ,)^ B ) 2 ' 

where the positive constant c does not depend on B. Now the result follows 
immediately □ 

Proof of Theorem 3.2. Sufficency. Assuming a = 1/p — l/q and p — v in 
Theorem 3.1 we have that X Q is bounded from L p ' Xl (X,p) to L qM (X,p). 

Necessity. Suppose that K a is bounded from L p ' Xl (X,p) to L q ' X2 (X,p). Then 
by Theorem 3.1 we have 

^ B y/q-i/ P +a < c 

The conditions = oo and = for all x G X implies that a = 

1/p- l/q. □ 

Proof of Theorem 3.3. Let / > 0. For re, a G X, let us introduce the following 
notation: 
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E l(x) := \y : !pS> < »l := L : J_ < ^Ml < 2a A ; 

1 p(a,x) 2ai J [ 2ai p(a,x) J 

£ 3 (x) := ^ y : 2ai < 



p(a, x 

For i = 1, 2, 3, r > and a G X, we denote 

/ p(a,xy( [ f(y)p(x,yr~ 1 dp(y)) q dp(x). 

J p(a,x)<r \J Ei(x) J 

If y G Ei(x), then p(a,x) < 2aiaop(x,y). Hence, it is easy to see that 
S l <C [ p(a,xy + ^ ( [ f(y)dp(y)) 9 dp(x). 

J B \J p(a,y)<p(a,x) J 

Taking into account the condition 7 < (1 — a)q — 1 we have 

» 00 „ 

/ P (a, X r + ^dp(x) = J2 / (p(«> x)r + ^dp(x) 

Jp(a,x)>t n=Q JB(a,2 k + 1 t)\B(a,2 k t) 

00 

< C^(2 fe t) 7+9 ^ _1 ^ +1 = c ^7+'?( a - 1 )+ 1 ) 



n=0 



while the condition j3 < p — 1 implies 

/ p(a,xf^ +1 dp(x) < ct^-^ +1 . 

J p{a,x)<t 

Hence 

sup ( f pi^xy+^-^dpix)) 1 ( [ p(a,y) /3(1 - p ' ) rf/i(?/)V <oo. 
Now using Theorem C we have 



a < c ( jf *«,»)»(/(»)) *.(»))** < di/iii^^r*"* = dl/li V.,^- 

Further, observe that if p(a, y) > 2a±p(a, x), then p(a, y) < a±p(a, x)+a 1 p(a, y) < 
p(a, y)/2+a\p(x, y). Hence p(a, y)/{2a\) < p(x, y). Consequently, using the growth 
condition for p , the fact Ai</3 — ap + 1 and Lemma E we find that 

S 3 <c [ p(a,xy( [ - ^ V l_ a dfJ.(y)) dp(x) 

JB(a,r) \Jp(a,y)>p(a,x) P^iV) J 

<c [ p(a,xy(jr [ dfj,(y)) dp{x) 

JB{a,r) \ k=0 JB(a,2 k + 1 p(a,x))\B(a,2 k p(a,x))P{ a iy) J 
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< C / p(a, x) 1 

'B(a,r) 



oo , . . 1/p 

E / F{y)p{^yfd^y)) 



I 

JBla' 



xl / p(a,y)^ 1 -f') + ( a - 1 ^'^(y) 

' B(a,2 k + 1 p(a,x))\B(a,2 k p(a,x)) 



1/p'- 



d/i(x) 



< c 



J B (a,r) 

oo 

J2^ k p(a,x)) x ' /p+a - 1 - /3/p {fiB{a,2 k+1 p{a,x))) 1/p ' ) dp{x) 



p(a,x)' 



x 



k=0 



< C 



M 



™ yjj(«,r) V ^ / 

p(a, x)( Al / p+a - 1 / p - /3 / p ^ +7 rf/i(a;) 



£c|l/ll W.^ 



'< Al (^) J B{ a,r) 

So, we conclude that 



/ p(a,x) Xiq/p - l dp J {x) < c 

JB(a,r) 



M P a ' Xl (X,pY 



^iq/p 



cll/l ' Al r 

'MS' 



A 2 



5, <c 



To estimate S 2 we consider two cases. First assume that a < 1/p. Let 
E k>r := {x : 2 k r < p(a,x) < 2 k+1 r}; 

F k , r := {x : 2 fc -V a i < p(a,x) < ai 2 k+2 r}. 

Assume that p* = p/(l — ap). By Holder's inequality, Corollary B and the 
assumption 7 = q(l/p + (3/p — a) — 1 we have 



S 2 = E / P(a,xy( [ f(y)p(x,yr~ 1 dp(y)) q dp(x) 

k=-oo jE k,r \Je 2 (x) / 

< E (/ P( a ^y( [ f(y)p(x,y) a - l dp(y)) P dp(x)Y 



x| / p{a,x) rp * /{p *- q) dp{x] 

Ek,r 



(p*-q)/p* 



<c E 2 k ^-^( [ I a (fXF kr )(x)) p *dp(x) 



q/p* 
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< c J- 2*^-«W f (f(x)ydfi(x)Y /P <c( f p(a,xf(f(x)Ydfi(x) 

\JFk,r J V J B(a,2air) 



k=—oo 



-Wp _ „ii f\\q r M 



Let us now consider the case 1/p < a < 1. 
First notice that (see [Hj) 

f (p(x,y)^ p 'dp(y) < cp(a,x) 1+ ^', 

JE 2 {x) 

where the positive constant c does not depend on a and x. 
This estimate and Holder's inequality yield 

- 1 / r / r \ g/p \ g/p' 

S2<cJ2( p(a,xr + ^-^' +1 ^'l (f(y)) p dp(y)) dp(x 

k =-oo^ jE k,r \JE 2 (x) J 



< C E (/ p(a,xr + ^-^' +1 ^'dp(x))n (f(y)) p dp(y)Y P 

k = — OC ^ Ek,r / \ J Fk,r / 

- 1 / r \ g/p 

< c £ ( 2 * r )-H-[(oi-iy+i)W+i / (f(y)Ydp(y) 

c ^ 2 Wp[ /" ( / ( 2/ ))^( z/) y /P < c ( / U(y)Yp{a t yfdiA(y) 



'B(a,2<nr) 

£c ii/iiV'(^) rWp=c|l/ll V'^) rAl ' 

Now the result follows immediately. □ 

Proof of Theorem 3.4. Let / > 0. Suppose that a e X and r > 0. Suppose also 
that fx = fxB(a,2a ir ) and f 2 = f- fi- Then J a / = + I a f 2 . Consequently, 

(I a f(x))«dp(x) < 2*- 1 ( [ (I a fx(x)ydp(x) 

B(a,r) V JB(a,r) 

(i a f 2 (x)ydp(x)) :=r-\s^ + s^). 

B(a,r) J 

Due to Theorem A and the condition sXx/p = X2/Q we have 

g/p 



1 



5«<c / (f(x)Tdp(x) 

V JB{a,2a 1 r) 

r \ g/p 
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Now observe that if x G B(a,r) and y E X \ B(a,2air), then p ^- > < p{x,y). 
Hence Holder's inequality, condition (2) and the condition < Ai < p/q yield 

IMx)= [ f(y)/p(x,y) 1 - a d f i(y) 

JX\B(a,2air) 

fc=0 V ^-B(a,2*+2oir)\B(a,2*+ioir) / 

\ W 



p(a,y)< a -^d|i(y) 

B(a,2 fc + 2 air)\B(a,2 fe + 1 air) / 
00 / 1 p \ 1/P 

fr=0 ^ 1 ' ^B(a,2*+ioir) / 



< c |lfll .... .^Ais/p+a-l+s/p' 



MP> A i s (I,^) r 

Consequently by the assumptions sXi/p = \ijq and s = we conclude 

that 

S*( 2 ) < HI f\\ q (\is/p+a-l+s/p')q+s _ II f||9 A 2 

Summarazing the estimates derived above we finally have the desired result. □ 
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